This study considers a relaxation of the truck and trailer routing problem (TTRP), called the relaxed truck and trailer routing problem (RTTRP). In the TTRP, the number of available vehicles, namely trucks and trailers, is limited. Since there are no fixed costs associated with the trucks or trailers, it is reasonable to relax this fleet size constraint. Besides, most benchmark instances for the capacitated vehicle routing problem (VRP) do not have fleet size constraints. We developed a simulated annealing heuristic for solving the RTTRP and tested it on 21 TTRP benchmark problems. Computational results indicate that the solution for the RTTRP is generally better than the best solutions in the literature for the TTRP. Among the 21 benchmark TTRP instances, we found better solutions to 18 of them. The solutions for the remaining three problems are tied. The average improvement is about 1.33%. Considering the ever rising crude oil price, even small reduction in the route length is significant.
Introduction
In this paper we consider a relaxation of the truck and trailer routing problem (TTRP), called relaxed truck and trailer routing problem (RTTRP). TTRP is a variant of the well known vehicle routing problem (VRP) which is one of the most studied combinatorial optimization problems in the last few decades [1] [2] [3] [4] [5] [6] [7] [8] . In the standard VRP, a set of dispersed customers is serviced by a fleet of homogeneous vehicles based at a central depot. The demand of each customer and vehicle capacity are known in advance. The goal is to design vehicle routes originating from and terminating at the central depot to fulfill each customer's demand so that the total cost (or route length) is minimized. The total demand on each route should not exceed the vehicle capacity and each customer can only be serviced once by exactly one vehicle. For a more in depth treatment of VRP, readers are referred to [1, 3, [9] [10] [11] .
TTRP was first proposed by Chao [12] and subsequently studied by Scheuerer [13] and Yu et al. [14] . In TTRP, the use of trailers (a commonly neglected feature in the VRP) is considered where customers are serviced by a truck pulling a trailer. Due to practical limitations, such as government regulations, limited maneuvering space at customer site, road conditions, etc., some customers can only be serviced by a single truck. Such limitations exist in many real-world settings [15] [16] [17] . Those customers who can be only be serviced by a single truck are referred to as tuck customers (TCs) while other customers that can be serviced by either a single truck or a complete vehicle (i.e. a truck pulling a trailer) are called vehicle customers (VCs).
We formally define TTRP as follows. Let ( , ) G V A = be an undirected graph, where trailers that are actually used in the vehicle routes are not determined a priori. Therefore, it is not uncommon that some trucks or trailers are not used at all in a TTRP solution. The capacity of each truck and each trailer is Q k and Q r , respectively. Once a trailer is assigned to a truck, it may not be assigned to another truck. The goal of the TTRP is to find a set of least cost vehicle routes that originate from and terminate at the central depot in a way that each customer is serviced exactly once and the cumulated demand on each route does not exceed the total capacity of the vehicles used for that route.
There are three types of routes in a TTRP solutions: (1) a pure truck route (PTR) that is traveled by a single truck; (2) a pure vehicle route (PVR) that is traveled by a complete vehicle without any sub-tour; and (3) a complete vehicle route (CVR) which consists of a main tour traveled by a complete vehicle, and one or more sub-tours traveled by the truck alone. A sub-tour starts and ends at the depot or the same vehicle customer site on the main tour, i.e. the trailer is dropped off at the depot, or a VC site while the truck proceeds to service customers on the sub-tour.
The trailer drop-off point is called the root of the sub-tour. After all customers on the sub-tour are serviced, the truck must return to the root where its trailer is parked, pick up the trailer and move on to service remaining customers on the same route.
Note that in TTRP, there are no fix costs associated with the vehicles although there are limitations on the number of available trucks and available trailers. Thus, it is possible to construct better vehicle routes by utilizing more vehicles or allowing vehicles to take on multiple trips.
Further, if the reduction in costs resulting from such relaxation is significant, it may be worthwhile to acquire or lease extra vehicles provided that the acquisition/lease costs can be justified. In view of this, we relax the fleet size constraint in TTRP and call the resulting problem the relaxed truck and trailer routing problem. This is the only difference between the TTRP and the RTTRP.
TTRP is more difficult to solve than VRP because VRP is a special case of the TTRP. Since the VRP itself is a hard combinatorial optimization problem and is usually solved by heuristics, Chao [12] , Scheuerer [13] , and Yu et al. [14] all applied heuristic approaches to solve TTRP. Both
Chao and Scheuerer solved the TTRP by a two-phase approach. They first construct an initial solution with some heuristics. The initial solution is then improved with a tabu search (TS)
algorithm. Yu et al. [14] developed a simulated annealing (SA) based heuristic for the TTRP.
Computational results indicate that their SA heuristic performs slightly better than other TS based heuristics in solving the TTRP. Thus, we developed an SA heuristic for the RTTRP and compared the results with the solutions to TTRP obtained from TS based heuristics and SA based heuristics in the literature.
Simulated annealing heuristic for the RTTRP
Simulated annealing has been applied successfully to a wide variety of highly complicated combinatorial optimization problems [18] [19] [20] [21] . It was successfully applied to the TTRP by Yu et al. [14] . In the following subsections, we discuss the proposed SA heuristic for RTTRP in detail, including solution representation, generation of the initial solution, calculation of the objective function value, neighborhood structure, parameters used in the computational study, and finally the SA procedure for RTTRP.
Solution representation and initial solution
A RTTRP solution is represented by a string of numbers consisting of a permutation of n customers denoted by the set {1, 2, , } n … , N dummy zeros (artificial depot or the root of a sub-tour), and the service vehicle types of individual VCs. The N dummy zeros serve the purpose of separating routes or terminating sub-tours. The parameter N dummy is defined by
denotes the largest integer which is smaller than or equal to the enclosed number. The i th non-zero number in the first n + N dummy positions indicates the i th customer to be serviced.
The service vehicle type of a VC is either 0 or 1. If the VC is serviced by a truck alone, its service vehicle type is set to be 1. Otherwise, it is serviced by a complete vehicle, and its service vehicle type is 0.
The first number in the solution representation indicates the first customer to be serviced in the first route. Other customers are added to the route one at a time from left to right to represent the order in which they are serviced, provided that the capacity of the vehicle currently in use is not violated. It is worth noting that, the capacity of the vehicle in use varies depending on the type of the route and the portion of the route under consideration. The capacity of the vehicle in use is (Q k +Q t ) if the route is a PVR or the vehicle is on the main tour of a CVR; or Q t if the vehicle is on a PTR or on a sub-tour of a CVR. When encountering zero in the solution representation, the vehicle will either return to the root of current sub-tour or the depot. More specifically, if the vehicle is currently on a sub-tour of a CVR, it will return to the root of the sub-tour where the trailer was dropped-off and the sub-tour is terminated. Otherwise, it is currently on a PTR, on a PVR, or on a main tour of a CVR. In either case, the vehicle will return to the depot and the route is terminated.
Whenever a route is terminated and there are still customers that have not been serviced, a new route will be generated with the next customer in the solution representation being the first customer of the route. It can be verified that this solution representation always gives a feasible RTTRP solution.
The initial solution is generated at random. It includes a random sequence of the customers and the dummy zeros, and randomly generated service vehicle types of individual VCs.
Neighborhood structure
We adopted a standard SA procedure with a random neighborhood structure that features several move types, namely insertion, swap, and change of service vehicle type, to solve the RTTRP. Let The insertion move is carried out by randomly selecting the i th customer in X and inserting it into the position immediately before another randomly selected j th customer of X. The swap move randomly selects two customers in X, and then switches their positions. The change of service vehicle type of VCs is carried out by randomly selecting a VC from X, and then changing its service vehicle type from 0 to 1 or from 1 to 0. In other words, if the selected VC was serviced by a complete vehicle before the move, it will be serviced by a single truck after the move, and vice versa. We set the probability of choosing the swap move, insertion move, or the change of service vehicle type of VCs move to be 0.2, 0.2, and 0.1, respectively.
To increase the chance of obtaining a better solution, in addition to the aforementioned random moves, we also include in our algorithm the best-of-N-trials moves, in which the best solution among the N trial solutions is chosen as the next solution, where N is a predetermined number of trails. For swap move and insertion move, this number is set to be N trial , obtained by
For the change of service vehicle type of VCs, each VC's service vehicle type is changed one at a time, thus the number of trials is the same as the number of VCs.
We set the probabilities of performing the best-of-N-trials moves to be 0.2 and 0.2 for swap move and insertion move, respectively. The probability of performing the best-of-N-trials moves for the change of service vehicle type of VCs is set to be 0.1. Note that the probabilities of performing swap, insertion, and change of service vehicle type of VCs on one or two randomly selected customers total to 0.5, and the probability of performing the best-of-N-trials moves also adds up to 0.5. Thus, the total probability of performing these neighborhood moves is 1.
Parameters and the SA procedure
The SA procedure starts by setting the current temperature T to be T 0 , the initial temperature, and generating an initial solution X at random. Initially, the current best solution X best and the best objective function value obtained so far are set to be X and obj(X), respectively.
In each iteration, the next solution Y is generated from 
After running I iter iterations at the current temperature T, we decrease the current temperature by setting , T T α = where 0 1 α < < . After each temperature reduction, a local search procedure that performs 2-Opt, swap, insertion, and change of service vehicle types sequentially is applied to improve the current best solution.
The algorithm terminates when the current temperature T is lower than T F , the predetermined final temperature, or when the current best solution X best has not been improved for N non-improving consecutive temperature reductions. A (near) optimal routing plan for the RTTRP can easily be derived from X best after the SA is terminated.
Computational study
We coded the proposed SA heuristic for RTTRP in C++ and compiled it with Microsoft Visual C++ 6.0. We then applied the program to Chao's 21 TTRP benchmark problems [12] on a Pentium IV 1.5 GHz PC with 1 GB RAM running Microsoft Windows XP operating system. Except for K, the parameter values for the computational study are adopted from Yu et al. [14] . That is, α=0.965, I iter =150000, T 0 =100, T F =1, and N non-improving =30. The value of K is set to be 1/6. The parameter P for penalty cost used in Yu et al. [14] is not needed since the fleet size constraint is dropped in RTTRP.
To evaluate the improvement in solution quality of RTTRP over that of TTRP, we compared the solution to RTTRP with the best TTRP solutions reported in the literature [13, 14] . TTRP results obtained by Scheuerer [13] , Yu et al. [14] , and the RTTRP results by the proposed SA heuristic are presented in Table 1 . It can been seen that in 18 out of the 21 benchmark TTRP instances, RTTRP solution is better than the best TTRP solution obtained by Scheuerer and Yu et al. For each the remaining three problems, the objective function value of the RTTRP solution is the same as that of the best TTRP solution. On average, the objective function value is improved by 1.33% when the fleet size constraint is dropped. Note that we only compared the average results of RTTRP with the TTRP results of Yu et al. [14] since their solutions are slightly better than scheuerer's [13] on average.
Conclusions and future research directions
In this paper, we proposed an SA heuristic for the RTTRP, a relaxation of TTRP without the constraint on fleet size. The RTTRP solutions obtained by the SA and the best TTRP solutions reported in prior studies are compared on the 21 benchmark TTRP instances. The RTTRP solution is better than the best TTRP solution in 18 of the 21 problems. The solution quality of the RTTRP solutions and the best TTRP solutions are the same for the remaining three problems. Further, the average RTTRP results are slightly better than the TTRP results of Yu et al. [14] , which is by far the best solutions to the TTRP.
Note that the results of RTTRP and TTRP are compared using only the 21 existing TTRP benchmark problems by Chao [12] . It may be necessary to conduct similar comparison on more test problems before reaching a conclusion. a Best TTRP solutions from 10 runs by Scheuerer (λ=15000). b Average TTRP solutions from 10 runs by Scheuerer (λ=15000). c Average times in minutes from 10 runs on a Pentium IV 1.5 GHz PC for Scheuerer (λ=15000). 
